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ABSTRACT 
We provide a theorem and a counterexample relating to the determinantal 
conjecture of Marcus and de Oliveira. 
1. INTRODUCTION 
Let A and B be normal complex n X n matrices with eigenvalues 
hi, , h, and Z_L~, . . , , p, respectively. Marcus [6] and de Oliveira [3] have 
conjectured that 
det( A + B) E CO 
where S, denotes the symmetric group on {l, 2, . . . , n} and co denotes the 
convex hull in the complex plane. The conjecture is known to be true in a 
limited number of special cases, most notably if all the eigenvalues A,, . . , pn 
are real or if n < 3. Indeed, for n < 3, Merikoski, Virtanen, Bebiano, and da 
ProvidGncia [2] have shown that 
det[tZ - (A + B)] 
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where the convex hull is now taken in the affine space of manic degree n 
polynomials with complex coefficients in the indeterminate t. 
In this note we answer two related questions: 
THEOREM. In the special case A + B singular, the Marcus-de Oliveira 
conjecture (1) holds. 
COUNTEREXAMPLE. For n = 4 (and hence for n > 4) the question (2) 
fails. 
The counterexample was generated by a computer search. In other 
related searches, we have been unable to find counterexamples despite some 
considerable effort: 
(a) The question (21, but with the additional restriction that A,, . . , /.L, 
are all real. (Note added in proofi That such a counterexample does not exist 
has now been established by the first author.) 
(b) The question (E,,) in the notation of Merikoski and Virtanen [71, in 
which a single coefficient of the characteristic polynomial is considered. This 
is known to be true for m < 3, and we have been unable to find counterex- 
amples for (m = 4, n = 4), ( m = 4, n = 5), and (m = 5, n = 5). 
2. PROOF OF THE THEOREM 
It is convenient to replace B by its negative. Thus we shall assume that 
A - B is singular and prove that 
We will need to use the following theorem of Wielandt [Sl. 
THEOREM. Let h,, . . . , A,, pl, , p,, and v be given complex num- 
bers. Then (a) and (b) below are equivalent: 
(a) It is impossible to separate the subsets {A 1, . , A,} and IV + pI, . . . , 
v + p,) of @ with a straight line or a circle. 
(b) There exist normal matrices A, B with eigenvalues (A 1, . . , A,), 
( pl,. . . , p,,) respectively such that v is an eigenvalue of A - B. 
By hypothesis A - B is singular, so that (b) holds with v = 0. It follows 
from Wielandt’s theorem that it is impossible to separate {A i, . , A,) from 
{/-%>...>&J with circles or straight lines. We now invoke an unpublished 
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result of E. G. Strauss (see Lay [5, pp. 61-631 for details) which asserts that 
in this situation there is a choice of five points from {A,, . , A,,, /.L~, . , CL,) 
which already defy separation. There are six cases, depending on the number 
of A’s chosen. Clearly, if either five or no h’s are chosen, then separation is 
automatic, so these two cases never occur. Suppose next that exactly one A is 
chosen (and hence four p’s). If this A equals any of the p’s, then the desired 
conclusion (3) is evident. Otherwise there is a circle with small radius 
centered at A, separating it from the p’s. So this case can also be excluded. A 
similar argument excludes the case in which four A’s and one p are chosen. 
Thus we may assume that the number of A’s chosen is either 2 or 3, and we 
select an additional A or p respectively at random. In this way we have 
chosen sets {A,‘, Ai, Aj), {pi, &, p$} from (A,, . , A,,}, ( pu,, . . , CL,,} respec- 
tively such that {A,‘, A;, A$, { F;, pi, ph} cannot be separated by straight 
lines or circles. 
We are aware of a purely geometrical argument to establish that 
(4) 
However, the proof is technical, and it is more amusing to proceed by 
retracing our steps. Thus, by the hard part [(a) * (b)] of Wielandt’s theorem, 
there exist 3 X 3 normal matrices A’, B ’ with eigenvalues (A,‘, A,‘, Ai) and 
( pi, &, &) respectively such that A’ - B’ is singular. But the determinan- 
tal conjecture is known for 3 x 3 matrices [l], so (4) follows immediately. 
Finally we show that (3) follows from (4). Let (Y be a matching of the 
unselected A’s and p’s, and let 
where the product is taken only over the unselected elements. Then for every 
p in S, we may define an element (T of S, defined by p for the selected 
elements and (Y for the unselected ones. Clearly 
Hence (3) follows directly from (4). 
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3. THE COUNTEREXAMPLE 
Let U be the unitary matrix introduced in Drury [4]: 
I P P P’ 
U= 
_g, 
-P 43 P -P P ’ 
\-P P -g, a , 
where (Y and p are real and related by (Y’ + 3p ’ = 1. Take p = \/;;, where 
K is the unique reaf root of the equation 16~~ - 8~’ + 4~ - 1 = 0. Ap- 
proximate vahres are K = 0.323899, fi = 0.569122, cr = 0.168231. The fol- 
lowing sets of eigenvahres were found by computer search 
A, = 4.14 - 1.33i, p1 = 2.18 + 4.33i, 
h, = -4.45 - 4.591, pz = -2.66 - 5.22i, 
h, = -2.96 + l.OOi, ~~ = -1.48 - 2.24i, 
h, = 4.76 + 8.29i, pq = 1.72 - 1.8Oi. 
Let A = diag(h,, h,, A,, h,), M = diag(p.,, p2, p3, pq), and B = U*MU. 
We define 
p(t) = det[tZ - (A + B)], 
Clearly the coefficients of t4 and t3 coincide for all 25 polynomials. We 
therefore define a linear function 5 in the form 
t(9) =.%‘((0.023 - O.O22i)q, + (-0.054 + O.l91i)9, 
+( -0.463 + l.OOOi)qs), 
where 9(t) = C”,=, q,,tn. 
Calculations show that t(p) < - 6.5 and that e( ~~1 > -4.5 for all 
u E S,. The linear function 5 can therefore be used to define a hyperplane 
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in the space of degree 4 manic polynomials separating p from { p,; cr E S,). 
It follows that (2) fails. 
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